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An economy con be said to operate on an energy theory of value if economic value can be 
shown to be proportional to an appropriate energy indicator. We have investigated this 
hypothesis for an 87 sector breakdown of the U.S. economy for the years 1963, 1967 and 1972. 
Input-output (I-G) models of the economy, modified to include households and government as 
endogenous sectors, were used to calculate each sector’s direct plus indirect (embodied) energy 
~nsumption based on various estimates of the dist~bution of direct energy inputs to tbe sectors. 
Dollar value of sector output is higbiy correlated with this energy indicator (though not with 
direct energy ~nsum~tio~ or with embodied energy calculated exctuding labor and ~ove~m~t 
energy costs). We also test explicitly the criticism that this rest& is merely a ~the~ti~ 
artifact of in#~mting hou~hold and govor~ent sectors, thus making the system more 
‘closed’. Application of these tests to a 4-sector example implies that the mathemat~~l artifact 
argument is not valid (except for a specific, bmited case). Application of tbe tests to the full 87 
sector modef also indicates that the mathemati~l artifact argument is not valid. We conclude 
that embodied energy, calculated in the way we suggest, is a good predictor of economic value, 
at least for the relatively large aggregates of marketed goods and services that appear in I-G 
tables. 

1, Intr~~tion 

An economy can be said to operate on an energy theory of value if 
economic value can be shown to be proportionaf to an appropriate energy 
indicator. One of us previously found evidence of such proportionality 
[Costanza (1980)], while the other challenged that result [Herendeen (1981)]. 
This paper represents a partial resolution of our differences. 

We present further analysis of the type used in Costanza (1980), and 
address s~~~~y the major remanning technical criticism raised in 
Herendeen (1981): that the observed proportionality is merely a mathemat- 
ical artifact of the ma~pulation of the data. The other major technical 
criticism, having to do with double counting [Huettner (1982)], has aheady 
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been disposed of [Costanza (f982)J. We find that the ‘mathematical artifact 
argument’, while h$ding in one limited situation, is in general invalid. This 
conclusion is based on empirical calculations. We have not been successful at 
finding a closed form proof. 

The basic idea behind the analysis is: if proportionality is found to result 
from acceptabie manipulations and computations with acceptable data, then 
it is a valid “revealed’ result. The major issue is that of data manipuIation~ 

Our energy indicator is embodied energy, calculated using the energy 
input-output (I-O) method developed by Bullard and Herendeen (1975). 
This method uses the standard assumptions [linearity, constant coefficients, 
etc., cf. Carter and Brody (1970)] of I-O analysis, and is applied to an 87- 
sector breakdown of the U.S. eeonomy for the years 1963, I967 and 1972. 

Features of this analysis are: (1) the energy costs of labor and government 
services are included by considering households and government to be 
endogenous sectors [&stanza (1980, 1982)-j; (2) analysis of the mathemati~l 
artifact argument; and (3) use of two alternative measures of the distribution 
of direct energy inputs to the system. The first measure follows previous 
practice and assumes energy enters the economy only through the ‘energy 
sectors’. The second measure assumes direct energy input occurs at the point 
of consumption, not the point of physical entry. The second method is more 
consistent with the treatment of transportation sectors in I-O analysis. 

Embodied energy costs are calculated for each year and compared with the 
corresponding dollar value of output of the sectors. The accuracy of 
embodied energy as a predictor of sector dollar output is investigated. The 
differences between the results based on the two measures of direct energy 
input are interpreted, both from an empirical and a theoretical perspective. 

Any economic or ecological system can be divided into a number of 
interacting components or processes that consume, produce and exchange 
energy, organized material, information and services (or ‘commodities’ for 

Fig. 1. Process j consumption and production relations for a specikd time interval. iJfj is the 
consumption or ‘use’ of internally produced commadity i by process j. E, is the use of external& 
produced eo~~iti~ by process j. k$ is the pr~uct~on or ‘make’ of commodity i by process j. 

‘sector’ and ‘process’ are synonyms. 
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short). Fig. 1 is a diagram of a typical process, J, which uses or consumes 
internally produced commodities (Ui,) and externally produced commodities 
[l”;$) in order to produce or make its output commodities (I’&. Various 
mathematical formulations are possible starting with this picture [cf. Ritz 
(19791, Carter and Brody (1970), Harmon et al. (1983), Costanza and Neil1 
(1984)]. These approaches all share the assumptions of scale and time 
independent production functions. Costanza (1980) and Bullard and 
Nerendeen (1975) did not alfow for ‘joint products’, produced when an 
individual process has more than one output commodity. Our approach 
allows for joint products. For the purposes of this study the following 
formulation is employed. An embodied energy balance equation can be 
written for each process in the form: 

where ei represents the embodied energy intensity of each of the n com- 
modities in the system and EJ represents the direct energy input to process J. 
It is assumed that the energy intensity for a commodity is a single number 
representing the average over the processes which produce it. 

In matrix notation for a system with n commodities and m processes one 
can write: 

EfsU=sVr, where (21 

E = m d~ensio~al row vector of direct energy inputs, 
U = n x m matrix of the use of commodities by processes, 
Y T = n x m matrix of the production of commodities by processes, 
& =PZ Dimensions row vector of embodied energy intensities. 

Given data on U, V and E we wish to solve eq. 2 for the embodied energy 
intensity vector, B. If m= n this is possible using standard matrix manipu- 
lation techniques: 

ezzE(VT.-v)-‘=r EVr=-“(I-- UP+“> - I. (3) 

There are potential problems with this formulation, in that it can yield 
negative energy intensities. We believe (as will be pointed out) that these 
arise mainly as a result of deficiencies in the data, and are best handled by 
using preliminary runs to pinpoint problems. For example, preliminary runs 
on the U.S. economy produced negative intensities for three sectors (out of 
88), one of which was Radio and TV broadcasting. On closer inspection it 
was discovered that this sector consumed al1 of its own output, according to 
the Bureau of Economic Analysis I-O data base we used. This was obviously 
done as an accounting convenience and does not reflect the real situation. 
This sector was aggregated with communications to eliminate the problem. 
Similar steps were taken for the other two problem sectors (business services 
and state and Iocal government enterprises). 
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Most energy I-O modeling assumes the standard I-O accounting conven- 
tion that places households and government outside the boundaries of the 
economic system (they are assumed to be exogenous). This accounting stance 
can tead to major distortions of energy cost calculations since labor and 
government provide services to the economy whose energy costs would be 
ignored. In this study we employed I-O models which included ho~eholds 
and government as endogenaus sectors (rosvs and columns in U and y) in 
order to capture their energy cost contributions. Specific methods for doing 
this followed Costanza (1980) and will be discussed in detail further on. 

Once modified U and V matrices were formed that included households 
and government as endogenous sectors and ‘proMem’ sectors were rectified, 
the matrix (VT-- v) was inverted and energy ~te~sities were calculated as a 
function of various estimates of the direct energy input vector, E. The 
different E vectors reflected different measures of the dist~bution of direct 
energy inputs to the economy. The resufting energy intensities were then 
evaluated in terms of their relationship to market prices for the sectors. Since 
U and V are measured in constant 1972 dollars for the economy, and direct 
energy inputs are in Btu’s, the energy intensities have the units Btu/$. If the 
energy embodied in a commodity (3tu/physical unit) is proportions to its 
price (~/physical unit) then the energy intensities expressed as Btu/S shoufd 
all be constant. 

To test for this, the total energy embodied in sector inputs was regressed 
on dollar vaIue of sector outputs. A high degree of chelation between these 
variables indicates a relatively constant energy intensity (~tu/~~ and a high 
correlation between embodied energy and economic value across sectors. 

3. I-O data 

Eighty~ight sector U and V matrices were obtained From the Energy 
Research Group (ERG), University of Xltinois, for the years 1963, 1967 and 
1972. These data were aggregated and modified from the originat I-O data 
available through the Bureau of Economic Analysis (BEA). Staff at the ERG 
invested considerable time and effort making the three year’s data as 
compatible as possible, so that valid ~ornpa~so~s between years could be 
made. As mentioned earfier, three problem sectors remained in the data and 
these were first eliminated by aggregation to an 85 sector model household 
and government sectors were then added yielding revised 87 sector matrices 
for all three years. 

Inputs to the government and Household sectors (coiumns 86 and 87 of 
the revised 0 matrix) were developed from data on government expenditures 
(GE) and personal consumption expenditures (PCE) avaiIable as components 
of final demand. Inputs of government services to househoIds (Us6,& were 
estimated as personal taxes (PT) and household services to government 
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Table 1 
Government salaries, personal taxes, and household and government 

gross investment for 1963, 1967 and 1972 ( x 10’ 1972s). 

1963 1967 1972 

Government salaries” 73.76 92.34 1t9.40 
Personal taxes’ 68.22 84.26 95.70 
Household investmentb gross 280.82 338.76 471.66 
Government investmentb gross 129.14 151.94 213.58 

Y%orn US. Bureau of the Census (1976). 
bValues for 1963 and 1967 based on estimates in Kendrick (1976). 

Values for 1972 based on Eisner et al. (1981) and Kendrick (1976). 
See table 2. 

(Us7.a6) as government salaries (GS). Values for these components for all 
three years are listed in table 1. ‘Self sales’ of households and government 

W 86,86 and U87,87) were assumed to be zero, since these values have no 
effect on the energy intensities. The inputs of government and household 
services to the other sectors (rows 86 and 87 of the revised ZJ matrix) were 
estimated as indirect business taxes (fB7’) and employee compensation (EC) 
respectively, both of which are also available in the I-O data base as 
components of value added. These modi~cations leave property type income 
(PTI) as the financial net input and gross capital formation (GCF), plus net 
inventory change (NIC), plus net exports (NE), plus estimates of household 
and government capital formation as the net output in financial terms. This 
net output will be referred to simply as revised net output (RNO) henceforth. 

In a zero growth economy with no net exports this boundary definition 
would leave gross capital formation (including human and government 
capital formation) as the only non-zero components of RNO, At steady state, 
RN0 is just enough to counteract depreciation, the system’s tendency (by the 
second law of thermodynamics) to evolve toward a higher state of entropy if 
net energy inputs were cut off. It is worthwhile to note the magnitude of 
these adjustments to GNP. The ratio of RN0 to ‘normal’ GNP was 63.1% 
63.8% and 75.0% in the three years, respectively. 

Only two additional entries in the V matrix were required, Pa,,, and 
&,,a,. These represent the total output of the Gove~ent and Household 
sectors, respectively, exclusive of ‘self-sales’. These values include estimates of 
gross househoId and government investment (capital formation), which were 
available in Kendrick (1976) and Eisner et al. (1981) (table Z), as well as data 
on ISZ P7; EC, and GS. The estimated total outputs of the government and 
household sectors are listed in table 3. The complete revised 87 sector U and 
V matrices in 1972$ for 1963, 1967 and 1972 are available from the first 
author on request. 
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Table 2 

Total gross investment for 1963, 1967 and 1972 (lo9 1972.S)” 

Kendrick Eisner 

Year Business Government Households Total Total 

1963 115.48 129.14 280.82 525.44 512.95 
% of total 21.98 24.58 53.44 - - 

1967 155.05 151.94 338.76 645.75 667.41 
% of total 24.01 23.53 52.46 - - 

1972 204.68 213.58 471.66 - 889.93 
% of total 23.00 24.00 53.00 - - 

“Kendrick (1976) provides business, government, and household 
components for gross investment, but his series stops at 1969. To extend the 
series to 1972, data on total gross investment from Eisner et al. (1981) was 
used. Eisner’s totals agree well with Kendrick’s for 1963 and 1967, but 
sector breakdowns were not provided. The average percent of total for each 
sector from the 1963 and 1967 Kendrick data was therefore used to 
estimate the breakdown of the Eisner total for 1972. 

Table 3 

Total government and household output, 1963, 1967 and 1972 (lo9 
1972%).’ 

1963 1967 1972 

Government 
Indirect business taxes (IBT) 
Personal taxes (PT) 
Gov’t gross investment (GGI) 

69.32 
68.22 

129.14 

Government total 266.67 

Households 
Employee compensation (EC) 
Government salaries (GS) 
H’hold gross investment (HGI) 

433.40 
71.76 

280.82 

Household total 785.98 

89.14 106.94 
84.26 95.70 

151.94 213.58 

325.06 416.22 

494.21 692.35 
92.34 119.40 

338.76 471.66 

925.31 1283.41 

“Source: See tables 1 and 2. 

The remaining data necessary to complete the analysis were estimates of 
the direct energy input from nature to the 87 sectors (E vectors) for each of 
the three years. There is considerable debate on the appropriate E vector for 
this analysis. In this analysis we used E vectors containing only fossil fuel, 
hydro and nuclear energy inputs, ignoring direct environmental energy 
inputs. The alternate E vectors used in this study for all three years are listed 
in table 4, along with the revised sector definitions in terms of their BEA I-O 
codes. Alternative 1 (DIRECT) consisted of fossil, nuclear and hydro energy 
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Table 5 
Domestic primary fossil fuel, hydro and nuclear energy use (10 I5 Btu/yr). Prod. is gross output 
by sector, primary is total primary energy use based on w, which is a factor that prevents double 

counting, e.g., when adding crude and reftned petroleum. Primary is production times w.’ 

1963 1967 1972 

Sector Prod. w Primary 

(1) Coal mining 12.48 1 12.48 
(2) Crude petro, gas 30.38 1 30.38 
(3) Refined petro 19.86 0.054 1.07 
(4) Electric util. 3.13 0.543 1.70 
(5) Gas utilities 13.19 0.054 0.72 

Total 44.34 

Prod. w. Primary Prod. w. Primary 

14.79 1 14.79 14.17 1 14.17 
37.75 1 37.75 42.34 1 42.34 
23.19 0.054 1.25 27.56 0.063 1.73 
4.16 0.575 2.39 5.99 0.573 3.43 

17.35 0.064 1.12 20.85 0.070 1.45 

57.30 63.12 

“Sources: Production: Harmon and Casler (1981). w: Hannon et al. (1983). 

Table 6 
Weighting factors for energy types for 1963, 1967 and 

1972 (Btu primary/Btu energy type delivered for use).’ 

Sector 1963 1967 1912 

(1) Coal mining 1.0141 1.0116 1.0227 
(2) Crude petro, gas 1.0578 1.0564 1.0601 
(3) Refined petro 1.1497 1.1192 1.1487 
(4) Electric util. 3.8181 3.7542 3.7714 
(5) Gas utilities 1.1684 1.1515 1.1496 

“Source: Hannon and Casler (1981). 

into the ‘primary’ energy sectors (sectors l-5). No other sectors receive 
energy input from nature under this alternative. Estimates for total primary 
energy use for the three years are derived in table 5. The weighting factor w 
is necessary in table 5 to avoid double counting, since most refined 
petroleum and natural gas utilities output is made from crude, and a large 
part of electricity is made from coal or crude (see Bullard and Herendeen 
(1975)J. Alternative 2 (DEC) uses estimates of direct fossil fuel, hydro and 
nuclear consumed (burned) by sector. All sectors use such energy, and the 
total use by sector is a weighted sum of the five fuel types used in this model. 
The weighting factors used were calculated previously by Hannon and Casler 
(1981). They reflect, for example, the primary (i.e., coal or crude) fossil energy 
required to produce a unit of refined petroleum (about 1.15 Btu/Btu in 1972). 
The weighting factors for each of the three years are given in table 6. 

4. Results of I-O analysis 

One question to answer at the outset is: what is a proper index of 
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proportionality in this case? There are several possible measures of disper- 
sion of the energy intensities that could be used to measure the ‘constancy’ of 
energy intensities across sectors, and there are several ways of regressing 
total dollar output on total embodied energy input across sectors to test for 
‘proportionality’. In the results given below, we calculate and discuss both 
the coefficient of variation (CO% equal to the standard deviation divided by 
the mean) of the equally-weighted entries of the energy intensity vector, and 
a simple linear regression (including an intercept term) of total dollar 
output on embodied energy input. We manipulate the regressions to 
determine the effects of the high magnitudes of some observations on the 
results. 

Tables 7, 8 and 9 list the results of the I-O energy analysis for 1963, 1967 
and 1972, respectively for the alternative E vectors listed in table 4. Each 
table hsts the calculated energy intensity vector (in Btu/l972~), the total 
energy embodied in sector inputs (in Btu, calculated by multiplying the 
calculated energy intensity by total dollar input), and the dollar output from 
the sector (in 1972%) for each of the three years. The total dollar output was 
regressed on total embodied energy input both including and excluding the 
primary energy sectors (sectors l-5), and the household and government 
sectors (sectors 86-87). The results are plotted in fig. 2, and are summarized 
in table 10, which lists the RZ statistic for each alternative along with the 
coefficient of variation for the energy intensity vector. Ah regressions were 
significant at the 0.001 level. Fig. 2 is a log-log plot because the range of 
values for dollar output and embodied energy input spanned over four 
orders of magnitude (the regressions were run on the untransformed data). 
The R2 statistic is reported both including and excluding the government 
and household sectors (86-87) in the regression, since these sectors are much 
Iarger than the other sectors and could unduly weight the R2 values. R2 
values excluding these sectors are also more directly comparable with 
previously calculated R2 values based on an X-O model with exogenous 
household and government sectors. 

The results of the present analysis confirm and expand previous studies 
[Costanza (1980)] and generally provide evidence supportive of a strong 
cross-sectional relationship between embodied energy and dollar value, 
especially if the DEC energy input vector is used. A precondition for this 
conclusion is the accounting for government and household energy costs by 
making them endogenous sectors. Exclusion of the household and govern- 
ment sectors from calculation of energy intensities [the treatment used by 
Bullard and Herendeen (1975) and others] yields much poorer values for R2 
and COV both here and in the previous study [Costanza (1980)]. While the 
use of endogenous household and government sectors has been criticized 
[Herendeen (1981), Huettner (1982)], we now feel that the criticisms are less 
valid based on previously published arguments [Costanza (1982)], and the 
tests presented in a following section. 
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Table 10 

Summary statistics for embodied energy estimates calculated 
using the alternative direct energy input vectors shown in table 4. 
RZ estimates are for a linear regression of dollar output by sector 
on embodied energy input (see tables 7-9 for listings of these 
series and fig. 2 for plots). All R2 values are significant at the 
0.001 level. Coefficient of variation (COV) estimates are for the 

embodied energy intensity vectors listed in tables 7-9. 

Year 
Sectors included 
in statistics 

DIRECT DEC 

R2 COV R2 cov 

1963 l-87 0.800 2.35 0.981 0.67 
6-87 0.986 0.69 0.981 0.67 
l-85 0.239 2.34 0.858 0.67 
685 0.884 0.69 0.858 0.67 

1967 l-87 0.814 2.43 0.984 0.64 
6-87 0.987 0.69 0.984 0.64 
1-85 0.251 2.42 0.866 0.64 
6-85 0.873 0.69 0.866 0.64 

1972 l-87 0.805 2.25 0.978 0.64 
6-87 0.986 0.61 0.978 0.64 
l-85 0.247 2.24 0.851 0.64 
6-85 0.876 0.61 0.851 0.64 

The present study also indicates the relative merits (as a predictor of 
market value) of calculations of embodied energy based on alternative 
treatments of the direct energy input vector, E. We also find that the results 
for the three different years are very similar, indicating a stable pattern over 
the time interval of the data. 

Comparison of the various alternatives in table 10 brings out some 
interesting points. The R2 values for alternative 1, (DIRECT) including only 
sectors 687 or 6-85 in the regression, are much higher than with the 
primary energy sectors (l-5) included, and are very close to those for 
alternative 2 (DEC) with or without the primary energy sectors. Alternative 1 
represents direct energy input to the economy (specifically to the primary 
energy sectors) while alternative 2 represents consumption of that energy 
distributed through the economy. Distribution is the key word here, since 
this is the major difference between the two alternatives. The primary energy 
sectors distribute energy to the rest of the economy, and if this distribution 
function is factored out by excluding the primary energy sectors from the 
regression or by predistributing the energy by looking at consumption rather 
than production (i.e., alternative 2), then higher correlations result. The 
degree of departure of the energy sectors from the regression line in 
alternative 1 (fig. 2) can thus be viewed as a measure of the net energy input 
to the system. 
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Fig. 2. Log-log plots of embodied energy inputs vs. dollar output for the 87 sector data, for 
three years and two alternative direct energy input vectors. 
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The primary energy sectors functions are like the transportation sectors, 
which alse require special treatment in I-O analysis based on the difference 
between the services they provide and their physical inputs and outputs. If a 
strictly physical interpretation were applied to the transportation sectors, 
they would receive almost all goods produced in the whole economy as 
inputs and redistribute them as output, masking information on transfers of 
goods between sectors. For this reasun, the transportation sectors in I-O 
analysis are thought of as providing transportation services that are pur- 
chased by the producing sector, preserving the connection between the 
producing and consuming sector but adding a ‘transportation margin’. For 
analogous reasons, the primary energy sectors should be thought of as 
providing a ‘transportation service” in moving primary energy from nature to 
the consuming sectors. The DEG energy input vector incorporates this 
interpretation. 

In a previous article [Herendeen (1981)j it was shown that the necessary 
and sufficient conditions for constant energy intensities in an I-O analysis 
are that the direct energy input vector be proportional to the dollar value of 
net input (the remaining components of value added). With the boundaries 
and approximations used in this study, the dollar value of net input is equal 
to property type income (PT~), and there is, in fact a relatively high 
correlation between PTf and direct energy consumption (DEC) across 
sectors. This explains the relatively constant energy intensities calculated for 
alternative 2. For alternative 1, however, this correlation is very low, since 
only the energy sectors (l-5) have direct energy inputs under this alternative. 
The energy intensities are still relatively constant, however, except for the 
energy sectors (I-5). The distributive function of the energy sectors is 
responsible for this phenomenon, In the appendix we prove that if and only 
if the sum of the energy rows (1-5 in our case) of U is proportional to net 
dollar input (PTX in our case) then E is constant except for the energy sectors. 

5. The effects of adding labor and government sectors: The mathematical 
artifact argument 

Several critics of this approach have argued that closing the input-output 
matrix as we do here must inevitabIy lead to a reduction in the variance of 
the energy intensities, or, in the terms of this paper, an inevitably high 
correlation between economic value and embodied energy [Herendeen (1981), 
Huettner (1982), Reister (personal comment)]. (This is not worrisome, of 
course, if inclusion of the household and government sectors is 
uncontroversial.) In this section we present the mathematicaf artifact 
argument in some detail, establish several theorems which aim in the right 
direction, and finally present results of some empirical tests. 

The manipulations we have performed %lose’ the matrix by converting two 
parts of final demand to producing sectors whose outputs (labor and 
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government services), previously a part of value added, are now listed as a 
consumed input bye all sectors. The rank of the I-O matrix is increased by 
two, while the “closedness’ increases, We define closedness as 

where 

6 =net output of sector i, 
Xi =gross output of sector i. 

Closedness thus varies between 0 (possible only for a trivia1 one-sector 
system) and 1 (for a system with no net output at all)_ 

The new inputs (labor and ~o~e~ment services) tend to be fairly large 
fractions of all inputs, and are non-zero for almost ivery sector. Therefore 
one suspects a homogeni~ng effect on the energy intensities (s’s), which has 
been stated thus [~er~deen (1981, p. 67i)j: 

‘The intuitive argument that inclusion of labor and government as 
producing as well as consuming sectors ought to force the s’s in the 
direction of a ~mmon value is this: every economic sector Rays wages 
(and practically every one pays taxes), and these expenditures are a large 
fractiun of the expenditures for all inputs. (Labor costs are typically 
300$--500/;; of the tota& Bureau of Economic Analysis, 1980). Thus the 
inclusion of labor requires every sector to have a large input flow from 
the same sector. Referring to fig. 1, we see that the reason that the E’S 
can be different is that each sector can, in principle, have a different 
input mix. Inclusion of the (necessarily large) labor input to a11 sectors 
reduces that possibility.’ 

To demonstrate this argument, we will use the 4 x 4 example shown in 
table f 1. In the language of table I I, we ask what happens to the coefficient 
of variation (standard deviation divided by the mean) of E,, ezl and Ed as L1, 
,?+ and L, increase from zero up to their maximum allowable values, equal 
to total vaiue added before the inclusion of labor. In this example we make 
endogenous only one sector (labor), vs. two (labor and government) in the 
actual data, since this simplifies the discussion and does not cause any loss of 
generality. The inputs to the labor sector (person& ~ns~mption~ expand in 
such a way that their total just equals the production of labor. For 
discussion, we will use the normalized labor (t=LP- *) and energy input 
(e=Ep- “) vectors. We can test the foilowing hypotheses: 

Hypothesis I (the ‘strong hypothesis’). Starting with fl = 1, = i3 =0, use of any 
admissable positive Ii will always decrease the coeficient of variation of the 3 
E’S. We will calf the coefficient of variation of the E’S ‘COVE’. Thus COVE3 is 
the coefficient of variation of the 3 E’S in our example- 
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Table 11 

Example 4 x 4 input-output table. All units are dollars except for the direct energy 
inputs, which are Btu’s. 

Sector 

Personal 
consumption Net Total 

1 2 3 (PC) output output 

1 1 1 2 0.3(L,+L,+La) 6-(PC,) 10 
2 1 2 1 0.4(Lt+L,+L,) 6-(PC,) 10 
3 1 3 1 0.3(L, + L, + Ls) 5-(P&) 10 

Wages LI La Ls 0 0 L,+L,+L, 

Profits 7-L, 4-L2 6-L, 0 0 17-(L,+L,+L,) 

Energy E, Es Es E, 

For above: (I=L/lO, G=lJVT-‘Ae=EVT-‘) 

I-G = 0.9 -0.1 -0.2 -0.3 
-0.1 0.8 -0.1 -0.4 
-0.1 -0.3 0.9 -0.3 

1, 1, 1, 1 
e = O.lE, O.lE, O.lE, O.lE, 

Table 12 

Coefficient of variation of the first three epsilons (COVEE3) for various combinations of 
the normalized direct energy input vector (e) and the normalized labor vector (I). See 

table 11 for details. 

Normalized energy input (e= Eve’) 

Labor input Closed- Proportional to 
1 1 1 1 1 2 3 4 ness (1111) (1000) (0100) (0010) 1st row ofG 

(1) No labor 
0000 0.43 0.1300 0.7425 0.9688 0.6886 0.2066 

(2) ‘Actual’ 
0.5 0.2 0.2 0 0.79 0.1043 0.4573 0.4189 0.2516 0.0744 

(3) Prop. to VA 
0.37 0.21 0.32 0 0.79 0.0458 0.3600 0.4251 0.3282 0.0582 

(4) Constant 
0.3 0.3 0.3 0 0.79 0.1300 0.3108 0.4929 0.3349 0.1320 

(5) Mirror image 
0.1 0.4 0.4 0 0.79 0.2927 0.1663 0.5975 0.4500 0.3272 

153 

Conclusion 1. This hypothesis is false by counter-example. In table 12 
we see that it is violated for e=(l, 1, 1, l), and l=(O.l, 0.4, 0.4, 0). However, 
from table 12 the hypothesis appears true for the restricted case of e having 
just one non-zero element and also not satisfying Hypothesis 3 below. 
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Hypothesis 2. Use of a labor vector 1 such that normalized profits are 
proportional to e, results in CO VE3 = 0. 

Conclusion 2. This hypothesis is true in general, and was proved previously 
[Herendeen (198 l)]. 

Hypothesis 3. Use of any 1 whose first three entries are proportional to the 
first three entries of e results in the same value for COP’E3. 

Conclusion 3. This hypothesis is true in general, and is proved in the 
appendix. 

Hypothesis 4. By examining certain values from G( = UVT- ‘), I, and e it is 
possible to predict when COVE3 will decrease without actually calculating it. 

Conclusion 4. This hypothesis is as yet unproven. 

Hypothesis 5 (the ‘weak hypothesis’). While it can be shown by hypothesis 
l-3 above that COVE3 can be reduced to zero, remain unchanged, or 
increase on the addition of some positive Z, and while Hypothesis 4 is 
unproven, it is still true that for a wide class of reasonable 1 it will very likely 
decrease. 

Conclusion 5. This is the strongest statement that can now be made of the 
mathematical artifact argument, and is obviously sensitive to the definitions 
of ‘wide class’, ‘very likely’, and ‘reasonable I’. At this point we see no way to 
proceed except by empirical test applied to the 4 x4 example and to the 
actual 87-sector data. 

What, then, are reasonable values for 1, besides those obtained by the 
analysis of the first section of this paper? We choose several options and 
illustrate them by reference to the 4 x 4 example. We then proceed to the 87- 
sector data. 

(1) I=0 This is the base case. The labor sector is assumed to be exogenous. 
(2) I= actual values used, as in the previous section. For the 4 x 4 example, 

we (arbitrarily, in this case) pick 1=(0.5, 0.2, 0.2). 
(3) 1 proportional to the normalized value added (profit, including labor 

costs). In the example this would give I proportional to (0.7, 0.4 0.6). This 
assumes that labor is a constant fraction of value added, sector by sector. 

(4) Z=constant fraction of total inputs. This assumes that a fixed fraction of 
the value of output is spent on labor. Both 3 and 4 have some 
justification in reality. Labor is usually the largest component of value 
added. 

(5) C=mirror image of the actual I in 2. This is an attempt to use an 1 which 
is ‘opposite’ from or inversely correlated with the actual one. This could 
be done in many ways. By mirror image we mean that li,mirror is set 
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equal to lmean-(li,actual- I,,,,), where I,,,, denotes the average labor 
input. In the example, I,,,, =(0.5+0.2+0.2)/3=0.3. Then Il,mirror=0.3- 
(0.5 -0.3) = 0.1, 12, mirror = 0.3 - (0.2 -0.3) = 0.4, etc. Caution is needed to 
avoid allowing the I. I, mirror to get too large. In this particular example 
this doesn’t happen. 

In the example (table 12) we have constrained all ‘options’ so that L, + L, + 
L, = 9, which corresponds to a constant closedness of 1 - 8/(30 + 9) =0.79 vs. 
l-17/30=0.43 for L,=L,=L,=O. 

In fig. 3 we present the results shown in table 12. In fig. 3a there seems to 
be only one systematic pattern: that for any non-zero values of I the 
coefficient of variation of all the E’S (COVE3) decreases relative to that for 
I, = I, = l3 =O, as long as only one entry in e is non-zero. However, for e= 
(1, 1, 1, l), this is no longer true. Otherwise, there is apparently no con- 
nection between the options. The ‘mirror image’ can produce a COVE3 that 
is greater or smaller than that for the ‘actual’. 

A - COVE 3 
B - COVE 85 

1.25 

1 
F \ / 

g :ii 
1 2 3 4 5 

Labor Input Alternative Labor Input Alternative 

Fig. 3. Coefficients of variation (COV) for alternative labor input vectors for the 4 x 4 example 
(A) and the 87 sector model using 1967 data (B). Labels on A are the normalized direct energy 
input vector used for each plot. Labor input alternatives are: (1) no labor (labor sector is 
exogenous); (2) the ‘actual’ labor vector; (3) labor proportional to value added, (4) labor 
proportional to total input; (5) labor is the mirror image’ of actual labor input. Note that the 

order of these alternatives is arbitrary. 

Based on this limited example, we come to the following empirical 
conclusion: For e containing only one non-zero element, COVE3 is reduced 
as I is increased from 0. Otherwise, no conclusion can be made about 
COVE3 based, on the relationship of the two 1 vectors, unless they satisfy 
hypothesis 2 (in which case COVE3 =0) or hypothesis 3 (in which case 
COVE3 is unchanged). Thus, for a general e with many non-zero elements, 
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even the weak hypothesis is not true, and the mathematical artifact argument 
appears false. 

One additional aspect needs mention. The most general formulation of the 
energy intensity problem allows for the possibility that energy inputs can 
occur for any sector, so that E is not constrained. In the U.S. economy there 
are several energy seetors (e.g., coal, refined petroleum), which are the only 
ones with E+O. However, these sectors consume little energy (usually an 
exception is electric utilities) and pass the bulk of their input on as energy to 
be consumed or sequestered by their customers. If the purpose of E is to 
show where energy is finally consumed, then E should actually be the same 
as the energy rows of U, or DEC in the g7-sector examples, which includes 
non-zero entries for all sectors. 

In this case it is pa~tieul~ly easy to calculate E. In the appendix we prove 
that if and only if e=kG, (where C;, means the energy row of G), then 

di[(Z-Gp-Z]. 69 

Except for the -Z in the bracket this is identical to calculating s when c is 
zero for all sectors except an entry k in the eth column. 

For this special case, one might suspect a connection with the case of 
having only one non-zero element in e, for which we can make a definite 
statement about the behavior of COVE3 as I increases from zero. However, 
applying eq. 5 to the 4 x 4 example quickly shows that for e equal to the first 
row of G, COVE3 is 0,327 for the mirror image labor case vs. 0.207 for I= 0 
(see table 12). Even for this special case, the mathematics artifact argument 
does not hold. 

6. 87-s&w tests 

We performed the tests outlined in the previous section for the full 87- 
sector model Since there was little variation in the overall findings between 
the three years, we limited our tests to only one year’s I-O model: 1967. The 
results of using labor input vectors l-5 above for the 1967 87-sector data are 
given in table 13, and plotted in fig. 3b. Table 13 indicates that adding a 
labor vector does not in itself guarantee a lower coefficient of variation of the 
E’S, or a higher RZ between embodied energy and dollar output. The mirror 
image labor vector, for example, produced a lower Rt (0.013) and a higher 
COV (1.22) than vector 1 (r=U, R 2=0.394, COVE85 = 1.02). Labor vectors 3 
and 4 produced less variation in the s’s than vector 1, but more than vector 
2 (the actual input). Vector 4 was not a significant improvem~t on vector 1, 
but vector 3 (labor input proportional to total value added) was. This is to 
be expected since the actual labor vector is a relatively large and constant 
component of value added. 



R. Costanzu and R.A. Herendeen, ~rnbo~~ed energy and economic vahe 

Table 13 

Results of alternative labor vector tests on the full 87 sector 
model. Tests were performed on the 1967 data with DEC 
energy input vector. For comparison with the 4 x4 system, 

statistical indicators are calculated for sectors l-85 only. 

Labor vector R2 CO ?E8S 
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(1) I=0 0.394 1.02 
(2) I=actual 0.866 0.64 
(3) I a value added 0.832 0.65 
(4) 1 a total input 0.457 0.97 
(5) I u mirror image 0.013 1.22 

We conclude from this analysis that the mathematical artifact argument is 
not valid for a ‘reasonable’ set of labor vectors. The reduction in COVE85 
and the high degree of correlation between embodied energy and dollar value 
found using the “actual’ labor vector are therefore representative of real 
relationships and constraints in the economy and are not simply artifacts of 
the method used to incorporate labor and govermnent energy costs. If they 
were artifacts, we would expect COVE to decrease dramatically on addition 
of any large labor vector, which tables 12 and 13 and fig. 3 show is not the 
case. 

It seems that the only remaining objections to this analysis are philo- 
sophical ones concerning the propriety of removing humans from their 
‘controlling’ position outside the economy aid making them endogenous and 
therefore themselves %ontrolled’ to a larger extent [cf. Daly (19gt)3. This is 
analogous to the ‘positive vs. normative’ debate in economics. We believe 
that there is no one universally correct position on either of these questions, 
but that the answer is dependent on the intended uses of the analysis. In the 
case of calculating a static measure of total energy cost it seems appropriate 
to consider humans to be endogenous, since they have already made their 
energy consumption choices and we merely want to look at the repercussions 
of them. For making projections into the future, however, it is still debatable 
whether humans should be considered endogenous, exogenous, or some 
complex combination of the two. 

In any case, our analysis has definitely strengthened the case that 
embodied energy (calculated the way we suggest) is a good, non-trivial, static 
correlate of the economic value of the ‘relatively large aggregates of goods 
and services that make up the entries in I-Q tables. This does not imply that: 
(1) the market is perfect; (2) this relationship would continue to hold at the 
level of individual microeconomic transactions; or (3) absolutely no improve- 
ments in energy efficiency are possible. It is a relationship that applies to 
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large aggregates, analogous to the way that the gas laws apply only to large 
assemblages of molecules. The gas laws are, nonetheless, very powerful tools 
when used to predict the overall behavior of ideal gasses, and we think that 
embodied energy may be an equally powerful tool to help predict the overall 
behavior of economic systems. 

Appendix 

Two theorems regarding predicting certain attributes of the energy inten- 
sities from propertiesof EY r- l and G. 

Theorem 1. Zf and only if EV T-1 is proportional to the pth row of G then 

where c is the constant of proportionality and the subscript p means the pth 
row. 

Proof of sufficiency. Assume (EY T-1)1, = Cam, c = constant.. Substituting in 
eq. (3): 

(4 =-?EVT-‘),(Z-C)il =c~(G),,V-G-L 

(4t =mz-G)-‘l,t. 

For any invertible matrix (Z-G), 

(I-G)(Z-G)-‘=I and G(Z-G)-‘=(I-G)-‘-I. 64.3) 

Substituting eq. (A.3) into (A.2) proves sufficiency. 

Proof of necessity. Rewrite eq. (3): 

EVT-l=e(Z-G). 

Assume 

(s)l =W-G)-‘-K&r, d = constant. 

Substituting eq. (A.5) in eq. (A.4): 

(A.21 

64) 

(A-5) 

(EVT-‘),=d{[(Z-G)-‘-ZJ(Z-C)),,. 64.6) 



Substituting eq. (A.3) in eq. (A.6): 

EPkl(G),, which was to be proved. 

lkorem 2. F5r G of the form 

Fur rn = n OY n f 1 the fu~low~~g is true: 
If the first m entries of EV ’ - ’ are proport~o~u~ to the first m entries of I 

(i.e., to 1,,12 ,..., I,), then the coeficient of variation of the first m elements Of 

g=EV=-‘(z-q-’ (A.71 

Proof (of su~c~~cy onliy). We wifl prove that under the conditions above, 
when ls,lz..+ 1, are multiplied by a constant, the first M elements of e are 
multiplied by a constant. Therefore any normalized dispersion index of the 
ai, including the coeffkient of variation1 is unchanged. 

Assume that the first n elements of E V ‘- ’ are equal to the corresponding 
elements of Z, i.e., of the (n+ 1)th row in G (there is no loss of generality of 
assuming equality rather than just proportionality, as we will show below). 

We can then write 

Using eq. (3) and applying Theorem 1 to the first term on the right-hand 
side, 

The second term on the right-hand side is just a scalar times the In+ 1)th 
row of (Z-G)-‘. 



Now assume that the first n elements of i are multj~lied by @. Following 
the same steps as above leads to 

r+z-q-1 --rJm+l 

where the primes refer to this second case. G is identieaI to G except that ali 
nt 1 elements of the (n-t- 1)th row have been multiplied by /3. Rewriting eq. 
(A. 10): 

(A.11) 

The term A is a scalar and can be factored out of the first term on the 
right-hand side of eq. (A.ll). The question which still remains is how 

C(Z--GP - ZJ and [(Z-G’)- 1 -ZJ are related, It turns out that their terms 
are proportional. 

We show this by brute force examination of the elements of the inverses. 
For an ~~~r~~ie matrix (I-G), 

f~-C’L%r~=det(;_C) (-lfn+l+j*det of(Z-G’) 

wjth jtll ‘Ow 
(n -I- 11th eofumn > 

removed (A.121 

moble (1969, pp. 200, 210)]. 
For j<n, the numerator of the right-hand side of eq. (A.12) is just p times 

the n~erator of the expression for the inverse of (Z-G). 
Using eq. fA.12), and expanding det (Z-X?) by its (n-f- 1)th raw: 
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Cf~-w’-4l+1,..~ 

i61 

1 

=det(Z-G) 

det of (Z-G’) with 
(n-t- l)th row 

( (n-i- I)th column > 
removed 

- 
C 

j$I ( - 1)” * 1 ‘j@Ij+det of (Z-G’)) with ($,‘~~n~~) removed 

-i-(1 -pr,,,) det of (Z-G”) with 
n+ lth row 

n + 1 th column > 
removed 

(A. 13) 

In eq. (A.l3), none of the determinants inside the brackets contains the 
(n + 1)th row of Z-G, therefore all terms are the same as the corresponding 
ones of Z-C. In addition, the only terms not linear in fl cancel out. The 
results is that numerator of eq. (A.131 is also just fi times the numerator 
for a similar expansion of [(Z-G)-’ -ZJ,+l, “+ 1. 

This establishes that the n + 1 elements of [(Z-G)- ’ -I] and [(Z-G’) - ’ - Zl 
are proportional. Combining this with the fact that the factor A in eq. (A.11) 
is a constant inde~ndent of column, proves the theorem for M= n. The 
existence of the second term on the right-hand side of eq. (A. 111, which is 
non-zero only for the n+ lth element of e, prevents the theorem from 
appIying to m=n-$- i if the (n+ 11th elements of EYTWt and t are not 
proportional. 

On the other hand, if ali n+ 1 entries in EVT-” are proportional to those 
of 1, the second term on the right-hand side of eq. (A,ll) is zero and the 
theorem applies for M=II+ 1. This completes the proof.2 

One can wonder why the theorem applies only for m= n ot FE+ 1, but not a 
smaller number. The reason seems to be that there would be more than one 
non-zero element in the second term of eq. (A.8) and that other rows af 
fZ-G)- ’ besides the (n+ 11th would be involved in the right-hand term of 
eq. (AM}, which would then not be easily factorable. 

The case of m = n corresponds exactly to the notion of 

(1) starting with an n x n system to which labor is exogenous, 
(2) adding a labor sector which has fixed input coenicients (i.e., fixed values 

of the (n + 11th column of (G), 
(3) constraining the values of the labor input ~~ffl~ents (the Ii) to the 

proportional to EV T-X as states, and yet to vary in absolnte magnitude. 

%ince we chose our initial 1 to have its first n elements equal to those of EYT-‘, the theorem 
is only strictly proved when we note that the above arguments could be used to compare the 
results of using two rnu~tipl~~tive factors, say /& and j&. Compa~~g the results for the two 
values of fi would yield the same conclusion as we quote here. 
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David Reister [personal communication (25 April 1983)] has obtained a 
similar but more limited result. In the language of our proof, he 

(1) assumes that G, + r, G, + i = 0, 
(2) looks at one row of (Z- G,l- ’ at a time, which is equivalent to EYT- ’ 

having only one non-zero entry, 
(3) assumes that (ZWr-‘)j is proportional to the jth column sum of (Z-G). 

He finds in this case that for the first n rows of (Z--C)-‘, the fractional 
deviation of each entry from the row mean decreases as the constant of 
proportionality in his assumption 3 increases. 

This result is what is claimed in the mathematical artifact argument, but 
Reister’s assumptions are too restrictive. In particular, use of EVT-’ 
containing many non-zero elements is common. But, all of these proofs, his 
and ours, admittedly cover special cases. 

*This research was funded, in part, by the National Science Foundation under Grant PRA- 
8003845, and by the Illinois Department of Energy and Natural Resources under Grant ENR- 
80.260. We thank B.M. Harmon, C.J. Cleveland, M.J. Lavine, T.J. Butler and H.E. Daly for 
reviewing earlier drafts and providing useful comments. 
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